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SIMPLE CURL-CURL-CONFORMING FINITE ELEMENTS IN TWO
DIMENSIONS
KAIBO HU, QIAN ZHANG ( ), AND ZHIMIN ZHANG
Abstract. We construct smooth finite element de Rham complexes in two space dimensions.
This leads to three families of curl-curl conforming finite elements, two of which contain two
existing families. The simplest triangular and rectangular finite elements have only 6 and
8 degrees of freedom, respectively. Numerical experiments for each family demonstrate the
convergence and efficiency of the elements for solving the quad-curl problem.
1. Introduction
In this paper, we construct and analyze three families of curl-curl conforming (H(curl2)-
conforming) finite elements in two space dimensions (2D) and use these elements to solve the
qual-curl problem.
The quad-curl equation appears in various models, such as the inverse electromagnetic scatter-
ing theory [7, 14, 17] and magnetohydrodynamics [25]. The corresponding quad-curl eigenvalue
problem plays a fundamental role in the analysis and computation of the electromagnetic interior
transmission eigenvalues [16]. Some methods have been developed for the source problem and
the eigenvalue problem in, e.g., [5,6,8,13,17–25]. Two of the authors and their collaborator have
recently developed, for the first time, a family of curl-curl conforming finite elements [22]. To
save the degrees of freedom (DOFs), they used incomplete polynomials. The polynomial degree
k starts from 4 for triangular elements and 3 for rectangular elements, respectively, and the
lowest order elements of both shapes have 24 DOFs. Moreover, in [21], they collaborated with
J. Sun and constructed another family of curl-curl conforming triangular elements with complete
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polynomials. The polynomial degree k starts from 4 and hence the lowest order element has 30
DOFs. In this paper, in addition to the construction of new H(curl2)-conforming elements, we
will also fit the two existing families into complexes and extend them to lower-order cases.
The discrete de Rham complex is now an important tool for the construction of finite elements
and analysis of numerical schemes, c.f., [1–3, 9, 12, 15]. In this direction, the finite element
periodic table [4] includes various successful finite elements for computational electromagnetism
or diffusion problems. Motivated by problems in fluid and solid mechanics, there is an increased
interest in constructing finite element de Rham complexes with enhanced smoothness, sometimes
referred to as Stokes complexes [10, 11]. In this paper, for the discretization of the quad-curl
problem, we will consider another variant of the de Rham complex, i.e.,
0 - R
⊂- H1(Ω) ∇- H(curl2; Ω) ∇×- H1(Ω) - 0, (1.1)
where Ω is a bounded Lipschitz domain in R2 and
H(curl2; Ω) := {u ∈ L2(Ω) : ∇× u ∈ L2(Ω), ∇×∇× u ∈ L2(Ω)}.
For simplicity of presentation, throughout this paper we will assume that Ω is contractible. Then
the exactness of (1.1) follows from standard results in, e.g., [1].
This complex point of view makes it possible to achieve the goal of this paper, i.e., constructing
simple curl-curl conforming elements with fewer degrees of freedom, compared to, e.g., those
in [22] and [21]. From this complex perspective, we also fit the quad-curl problem and its finite
element approximations in the framework of the finite element exterior calculus (FEEC) [1, 2].
Thus a number of tools from FEEC can be used for the numerical analysis. For example,
we construct interpolations operators that commute with the differential operators. Then the
convergence result follows from standard argument.
Specifically, the new finite elements fit into a subcomplex of (1.1):
0 - R
⊂ - Σh
∇ - Vh
∇×- Wh - 0. (1.2)
In (1.2), we choose Lagrange finite element spaces for Σh and Lagrange elements enriched with
bubbles for Wh. The space Vh ⊂ H(curl2; Ω) is thus obtained as the gradient of Σh plus a
complementary part, mapped onto Wh by curl. We will use Vh as a conforming finite element
for solving the quad-curl problem below. Among the three versions of Vh which we will construct
in this paper, the simplest elements have only 6 DOFs for a triangle and 8 DOFs for a rectangle.
3To the best of our knowledge, these elements have the smallest number of DOFs among all the
existing curl-curl conforming finite elements.
The significance of this new development is threefold: 1) It develops new families of curl-
curl conforming elements; 2) It relates the curl-curl conforming elements to the FEEC via the
de Rham complex and thus allowing further systematic development of new elements; 3) It
reduces element DOF of the existing lowest-order curl-curl conforming element from 24 to 6 and
8 for triangular and rectangular elements, respectively, which makes commercial adoption of the
elements feasible.
The remaining part of the paper is organized as follows. In Section 2, we present notations
and preliminaries. In Section 3, we define shape functions and local exact sequences by the
Poincare´ operators and prove their properties. In Section 4, we construct a new family of curl-
curl conforming finite elements and in Section 5 we extend two existing families to lower order
cases by fitting them into complexes. In Section 6, we provide numerical examples to verify the
correctness and efficiency of our method. Finally, concluding remarks and future work are given
in Section 7.
2. Preliminaries
Let Ω ∈ R2 be a contractible Lipschitz domain. We adopt standard notations for Sobolev
spaces such as Hm(D) or Hm0 (D) on a simply-connected sub-domain D ⊂ Ω equipped with
the norm ‖·‖m,D and the semi-norm |·|m,D. If m = 0, the space H0(D) coincides with L2(D)
equipped with the norm ‖ · ‖D, and when D = Ω, we drop the subscript D. We use Hm(D) and
L2(D) to denote the vector-valued Sobolev spaces [Hm(D)]2 and
[
L2(D)
]2
.
Let u = (u1, u2)
T and w = (w1, w2)
T , where the superscript T denotes the transpose. Then
u×w = u1w2−u2w1 and∇×u = ∂x1u2−∂x2u1. For a scalar function v,∇×v = (∂x2v,−∂x1v)T .
We denote (∇×)2u =∇×∇× u.
We define
H(curl;D) := {u ∈ L2(D) : ∇× u ∈ L2(D)},
H(curl2;D) := {u ∈ L2(D) : ∇× u ∈ L2(D), ∇×∇× u ∈ L2(D)},
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with the scalar products and norms
(u,v)H(curls;D) = (u,v) +
s∑
j=1
((∇×)ju, (∇×)jv),
and
‖u‖H(curls;D) =
√
(u,u)H(curls;D),
with s = 1, 2.
We use Qi,j(D) to denote the polynomials with two variables (x1, x2) where the maximal
degree is i in x1 and j in x2. For simplicity, we drop a subscript i when i = j. We use Pi(D) to
represent the space of polynomials on D with degree of no larger than i and Pi(D) = [Pi(D)]
2.
We denote P˜i(D) as the space of homogeneous polynomials.
Let Th be a partition of the domain Ω consisting of rectangles or triangles. We denote hK
as the diameter of an element K ∈ Th and h the mesh size of Th. We use C to denote a generic
positive h-independent constant.
Let p : C∞(R2) 7→ [C∞(R2)]2 be an operator which maps a scalar function to a vector field:
pu :=
∫ 1
0
tx⊥u(tx) dt,
where
x := (x1, x2), and x
⊥ := (−x2, x1).
As a special case of the Poincare´ operators (c.f. [10, 12]), p has the following properties:
• the null-homotopy identity
∇× pu = u, ∀u ∈ C∞(R2); (2.1)
• polynomial preserving property: if u ∈ Pr(R2), then pu ∈ Pr+1(R2).
We review some basic facts from homological algebra; further details can be found, for in-
stance, in [2]. A differential complex is a sequence of spaces V i and operators di such that
0 - V 1
d1 - V 2
d2 - · · · d
n−1
- V n
dn - 0, (2.2)
satisfying the complex property di+1di = 0 for i = 1, 2, · · · , n−1. Let ker(di) be the kernel space
of the operator di in V i, and ran(di) be the image of the operator di in V i+1. Due to the complex
property, we have ker(di) ⊂ ran(di−1) for each i ≥ 2. Furthermore, if ker(di) = ran(di−1), we
say that the complex (2.2) is exact at V i. At the two ends of the sequence, the complex is exact
5at V 1 if d1 is injective (with trivial kernel), and is exact at V n if dn is surjective (with trivial
cokernel). The complex (2.2) is called exact if it is exact at all the spaces V i. If each space in
(2.2) has finite dimensions, then a necessary (but not sufficient) condition for the exactness of
(2.2) is the following dimension condition:
n∑
i=1
(−1)i dim(V i) = 0.
3. Local spaces and polynomial complexes
To define a finite element space, we must supply, for each element K ∈ Th, the space of shape
functions and the DOFs. We will use the following complexes as the local function spaces on
each K ∈ Th for (1.2):
0 - R
⊂- Σrh(K)
∇- V r−1,kh (K)
∇×- W k−1h (K) - 0. (3.1)
Let Σrh(K) be Pr(K) for a triangle element or Qr(K) for a rectangle element. For a triangle
element K, we set
W k−1h (K) =
Pk−1(K), k ≥ 4,Pk−1(K)⊕ span{Bt}, k = 2, 3,
where Bt = λ1λ2λ3 with the barycentric coordinate λi. For a rectangle element K, we set
W k−1h (K) =
Qk−1(K), k ≥ 3,Qk−1(K)⊕ span{Br}, k = 2,
where Br = h
−2
x h
−2
y (x− xl) (x− xr) (y − yd) (y − yu) with the element K = (xl, xr) × (yd, yu)
and hx = xr − xl, hy = yu − yd. We define
V r−1,kh (K) = ∇Σrh(K)⊕ pW k−1h (K). (3.2)
By the null-homotopy identity (2.1), the right hand side of (3.2) is a direct sum.
Lemma 3.1. The local sequence (3.1) is a complex and exact.
Proof. Since V r−1,kh (K) = ∇Σrh(K) + pW k−1h (K) and the null-homotopy identity (2.1), we have
∇Σrh(K) ⊆ V r−1,kh (K) and ∇ × V r−1,kh (K) = W k−1h (K). This shows that (3.1) a complex. It
remains to show the exactness. We first show that, for any vh ∈ V r−1,kh (K) for which ∇×vh = 0,
there exists a ph ∈ Σrh(K) s.t. vh = ∇ph. Since vh ∈ V r−1,kh , we have vh = ∇ph + pwh with
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ph ∈ Σrh(K) and wh ∈W k−1h (K). By the null-homotopy identity (2.1) again, 0 = ∇× vh = wh.
Therefore, vh = ∇ph. Moreover, the curl operator ∇× : V r−1,kh (K) → W k−1h (K) is surjective
since ∇× V r−1,kh (K) = W k−1h (K).
In the following lemma, we show that Vh(K) contains some polynomial subspaces.
Lemma 3.2. Suppose that r ≤ k + 1. Then Pr−1(K) ⊆ V r−1,kh (K).
Proof. We claim that
Pr−1(K) = ∇Pr(K)⊕ pPr−2(K). (3.3)
In fact, ∇Pr(K)⊕ pPr−2(K) ⊆ Pr−1(K). To show (3.3), we only need to show
dim∇Pr(K)⊕ pPr−2(K) = dimPr−1(K).
By the null-homotopy identity (2.1), the right hand side is a direct sum. Therefore,
dim∇Pr(K)⊕ pPr−2(K) = dim∇Pr(K) + dimPr−2(K),
which is exactly the dimension of Pr−1(K).
Combining (3.3) and the fact that Pr−2(K) ⊆ W k−1h (K), we get Pr−1(K) ⊆ ∇Pr(K) ⊕
pW k−1h (K) = V
r−1,k
h (K).
In the following sections, we will take different values of r to get various families of curl-curl
conforming finite elements and complexes. In Section 4, we take r = k − 1, and this leads to a
new family of simple elements. In Section 5, we introduce the other two families of elements by
taking r = k, k + 1, respectively.
4. A new family of curl-curl conforming elements r = k − 1
In this section, we construct a new family of curl-curl conforming elements V k−2,kh by specifying
r = k − 1 in (3.1), i.e.,
0 - R
⊂- Σk−1h
∇- V k−2,kh
∇×- W k−1h - 0. (4.1)
For simplicity of presentation, we focus on the triangular elements and only mention the rect-
angular elements in Remark 4.2 below.
74.1. Degrees of freedom and global finite element spaces. We define DOFs for the spaces
in (4.1).
The DOFs for the Lagrange element Σrh can be given as follows.
• Vertex DOFs Mv(u) at all the vertices vi of K:
Mv(u) = {u (vi) for all vertices vi} .
• Edge DOFs Me(u) on all the edges ei of K:
Me(u) =
{∫
ei
uvds for all v ∈ Pr−2(ei) and for all edges ei
}
.
• Interior DOFs MK(u):
MK(u) =
{∫
K
uvdA for all v ∈ Pr−3(K) or Qr−2(K)
}
.
For u ∈ H1+δ(Ω) with δ > 0, we can define an H1 interpolation operator pih by the above DOFs.
The restriction of pih on K is denoted as piK and defined by
Mv(u− piKu) = {0}, Me(u− piKu) = {0}, and MK(u− piKu) = {0}. (4.2)
The DOFs for W k−1h can be given similarly, with only one additional interior integration DOF
on K to take care of the interior bubble. We denote p˜ih as the H
1 interpolation operator to Wh
by these DOFs.
For the shape function space V k−2,kh (K) := ∇Pk−1(K)⊕pW k−1h (K) of the triangular elements,
we define the following DOFs:
• Vertex DOFs Mv(u) at all the vertices vi of K:
Mv(u) = {(∇× u)(vi), i = 1, 2 , 3} . (4.3)
• Edge DOFs Me(u) at all the edges ei of K (with the unit tangential vector τi):
Me(u) =
{∫
ei
u · τiqds, ∀q ∈ Pk−2(ei), i = 1, 2, 3
}
∪
{∫
ei
∇× uqds, ∀q ∈ Pk−3(ei), i = 1, 2, 3
}
. (4.4)
• Interior DOFs MK(u):
MK(u) =
{∫
K
u · qdA, ∀q ∈ D
}
, (4.5)
8 KAIBO HU, QIAN ZHANG ( ), AND ZHIMIN ZHANG






A
A
A
A
A
A
Ar r
r
-∇






A
A
A
A
A
A
A
curl
curl curl


A
AK
-
-∇×






A
A
A
A
A
A
Ar r
r
r
r
r
r
r
-
∇
curl
curl
curl
curl
-
66
-
-
∇×
r
r
r
r
r
Σ1h -
∇
V 0,2h -
∇×
W 1h
Figure 4.1. The lowest-order (k = 2) finite element complex (4.1) in 2D.
where D = Pk−5(K)⊕ P˜k−5x⊕ P˜k−4x with x = (x1, x2)T when k ≥ 5; D = P0x when
k = 4; D = ∅ when k = 2, 3.
Lemma 4.1. The DOFs (4.3)-(4.5) are well-defined for any u ∈ H1/2+δ(K) and ∇ × u ∈
H1+δ(K) with δ > 0.
The proof of this lemma is the same as that of Lemma 3.4 in [22]. We omit it here.
Lemma 4.2. The DOFs for V k−2,kh (K) are unisolvent.
Proof. The decomposition (3.2) is a direct sum. Therefore dimV k−2,kh (K) = dim∇Σk−1h (K) +
dimW k−1h (K) = k(k + 1)− 1 when k ≥ 4 and dimV k−2,kh (K) = k(k + 1) when k = 2, 3. By
counting the number of DOFs, the DOFs have the same dimension. Then it suffices to show
that if all the DOFs vanish on a function u, then u = 0. To see this, we first observe that
∇ × u = 0 by the unisolvence of the DOFs of W k−1h (K). Then u = ∇φ ∈ Pk−2(K) for some
φ ∈ Σk−1h (K). By the edge DOFs of V k−2,kh (K), u · τ = 0 on edges. Then there exists some
ψ ∈ Pk−4(K) such that φ = λ1λ2λ3ψ. Choosing q ∈ Pk−4(K)x for which ∇ · q = ψ, we have by
9the interior DOFs:
0 = (u, q) = (∇φ, q) = − (φ,∇ · q) = (λ1λ2λ3ψ,ψ) .
This implies that ψ = 0 and hence φ = 0 and u = 0.
Provided u ∈ H1/2+δ(Ω), and ∇× u ∈ H1+δ(Ω) with δ > 0 (see Lemma 4.1), we can define
an H(curl2) interpolation operator Πh whose restriction on K is denoted as ΠK and defined by
Mv(u−ΠKu) = {0}, Me(u−ΠKu) = {0}, and MK(u−ΠKu) = {0}, (4.6)
where Mv, Me and MK are the sets of DOFs in (4.3)-(4.5).
Gluing the local spaces by the above DOFs, we obtain the global finite element spaces Σk−1h ,
V k−2,kh and W
k−1
h .
Lemma 4.3. The conformity holds:
V k−2,kh ⊂ H(curl2; Ω).
Proof. It’s straightforward since ∇× V k−2,kh ⊆W k−1h ⊂ H1(Ω).
4.2. Global finite element complexes for the quad-curl problem. The global finite ele-
ment spaces lead to a complex which is exact on contractible domains.
Theorem 4.1. The complex (4.1) is exact on contractible domains.
Proof. We first show the exactness at V k−2,kh . To this end, we show that for any vh ∈ V k−2,kh ⊂
H(curl2; Ω) satisfying ∇ × vh = 0, there exists p ∈ Σk−1h such that vh = ∇p. Actually, this
follows from the exactness of the standard finite element differential forms (e.g., [1]) and the
fact that the curl-free part of V k−2,kh is a subspace of the second Ne´de´lec space of degree k − 2.
To prove the exactness at W k−1h , that is to prove the operator ∇× from V k−2,kh to W k−1h is
surjective, we count the dimensions. The dimension count of the Lagrange elements reads:
dim Σk−1h = V + (k − 2)E +
1
2
(k − 3)(k − 2)F ,
where V, E , and F denote the number of vertices, edges, and 2D cells, respectively. Moreover,
dimW k−1h = dim Σ
k−1
h for k ≥ 4 and dimW k−1h = dim Σk−1h + F for k = 2, 3. From the DOFs
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(4.3) -(4.5),
dimV k−2,kh = V + (2k − 3)E + (k2 − 5k + 5)F for k ≥ 4,
dimV k−2,kh = V + (2k − 3)E for k = 2, 3.
From the above dimension count, we have
dimV k−2,kh = dimW
k−1
h + dim Σ
k−1
h − 1,
where we have used Euler’s formula V − E + F = 1. This completes the proof.
We summarize the interpolations defined in Section 4.1 in the following diagram.
0 R H1(Ω) H(curl2; Ω) H1(Ω) 0
0 R W V W 0
0 R Σk−1h V
k−2,k
h W
k−1
h 0,
⊂ ∇ ∇×
⊂
pih
∇ ∇×
Πh p˜ih
⊂ ∇ ∇×
(4.7)
where W and V are two spaces of H1(Ω) and H(curl2; Ω) in which pih (or p˜ih) and Πh are
well-defined.
Now we show that the interpolations in (4.7) commute with the differential operators. This
result will play a key role in the error analysis below for discretizing the quad-curl problem.
Lemma 4.4. The last two rows of the complex (4.7) are a commuting diagram, i.e.,
∇pihu = Πh∇u for all u ∈W, (4.8)
∇×Πhu = p˜ih∇× u for all u ∈ V. (4.9)
Proof. We only prove (4.8). A similar trick can be used to prove (4.9). From the diagram (4.7),
we know both Πh∇u and ∇pihu are in the space V k−2,kh . It suffices to prove that the DOFs
(4.3)-(4.5) for Πh∇u and ∇pihu agree element by element. For a given element K with a vertex
vi, we first have
∇× (Πh∇u−∇pihu)(vi) = ∇× (∇u−∇pihu)(vi) = 0.
11
On an edge ei with a tangent vector τi and two vertices v1 and v2, for any q ∈ Pk−2(ei), we
derive ∫
ei
(
Πh∇u−∇pihu
) · τiqds = ∫
ei
(∇u−∇pihu) · τiqds
= p(v2)(u− pihu)(v2)− p(v1)(u− pihu)(v1)−
∫
ei
(
u− pihu
) ∂q
∂τi
ds = 0.
Here we used integration by parts and the definition of the interpolations. By the definition of
Πh, we have ∫
ei
∇× (Πh∇u−∇pihu)qds = 0.
For the interior DOFs, we see that for any q ∈ Pk−3(K),∫
K
(
Πh∇u−∇pihu
) · qdS = ∫
K
(∇u−∇pihu) · qdS
=−
∫
K
(
u− pihu
)∇ · qdS + ∫
∂K
(
u− pihu
)
q · nds = 0.
This completes the proof.
Theorem 4.2. If u ∈ Hs−1(Ω) and ∇× u ∈ Hs(Ω), 1 + δ ≤ s ≤ k with δ > 0, then we have
the following error estimates for the interpolation Πh,
‖u−Πhu‖ ≤ Chs−1(‖u‖s−1 + ‖∇ × u‖s), (4.10)
‖∇ × (u−Πhu)‖ ≤ Chs ‖∇ × u‖s , (4.11)∥∥(∇×)2(u−Πhu)∥∥ ≤ Chs−1 ‖∇ × u‖s . (4.12)
Proof. From Lemma 3.2, Pk−2(K) ⊆ V k−2,kh (K) and Pk−1(K) ⊆ W k−1h (K). By a similar proof
of Theorem 3.11 in [22] and using Lemma (4.4), we complete the proof.
Remark 4.1. Here, we only provide the approximation property for the interpolation Πhu.
Since V k−2,kh is a conforming finite element space, the approximation property of the numerical
solution uh follows immediately from Ce´a’s lemma. It’s the same for the other two families.
Remark 4.2. Similarly, we can get a family of rectangular elements. The DOFs for u ∈
V k−2,kh (K) = ∇Qk−1(K) + pW k−1h (K) are given by the following.
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• Vertex DOFs Mv(u) at all the vertices vi of K:
Mv(u) = {(∇× u)(vi), i = 1, 2, · · · , 4} .
• Edge DOFs Me(u) at all the edges ei of K (with the unit tangential vector τi):
Me(u) =
{∫
ei
u · τiqds, ∀q ∈ Pk−2(ei), i = 1, 2, · · · , 4
}
∪
{∫
ei
∇× uqds, ∀q ∈ Pk−3(ei), i = 1, 2, · · · , 4
}
.
• Interior DOFs MK(u):
MK(u) =
{∫
K
u · qdA, ∀q ∈ S1 ⊕ S2
}
,
where S1 =
{
q | q = ψx, ∀ψ ∈ Qk−3(K)
}
and S2 =
{
q | q =∇×ϕ, ∀ϕ ∈ Qk−3(K)/R
}
when k ≥ 3; S1 = S2 = ∅ when k = 2.
The same theoretical results as the triangular elements can be obtained by a similar argument.
5. Two families of curl-curl conforming elements with r = k and r = k + 1
The curl-curl conforming elements introduced in [21,22] are restricted to high-oder cases, i.e.,
k ≥ 4 for triangular elements and k ≥ 3 for rectangular elements in [22], and k ≥ 4 for the
triangular elements in [21]. Rectangular elements are missing in [21].
In this section, we will construct two families of curl-curl conforming elements by setting
r = k and r = k + 1 with k ≥ 2. The two families of elements contain the elements in [21, 22].
Similar properties as in [21, 22] hold for the generalizations below. For brevity, we only present
the definitions and the approximation properties of the Vh spaces.
5.1. A family of the curl-curl conforming elements with r = k. By taking r = k, we
obtain another family of finite element complexes, i.e.,
0 - R
⊂ - Σkh
∇- V k−1,kh
∇×- W k−1h - 0. (5.1)
Recall that Σkh is the Lagrange finite element space of order k, and V
k−1,k
h (K) = ∇Pk(K) ⊕
pWh(K) or V
k−1,k
h (K) = ∇Qk(K) ⊕ pWh(K) with k ≥ 2. By Lemma 3.2, V k−1,kh (K) contains
Pk−1(K). More precisely,
V k−1,kh (K) =Rk , Pk−1 ⊕
{
u ∈ P˜k
∣∣ u · x = 0} when k ≥ 4 and K is a triangle,
13
V k−1,kh (K) = Qk−1,k ×Qk,k−1 when k ≥ 3 and K is a rectangle,
which can be proved by a similar argument as for Lemma 3.2.
For the triangular elements with k ≥ 4 (rectangular elements with k ≥ 3), V k−1,kh coincides
with the curl-curl conforming elements in [22]. Here we extend these finite elements to lower
order by allowing k = 2 or 3. The sequence of the lowest-order case is shown in Fig. 5.1. These
elements have 9 DOFs on a triangle and 13 DOFs on a rectangle.
5.1.1. Triangular elements. We define the following DOFs for V k−1,kh (K) = ∇Pk(K)⊕pW k−1h (K).
• Vertex DOFs Mv(u) at all the vertices vi of K:
Mv(u) = {(∇× u)(vi), i = 1, 2, 3} .
• Edge DOFs Me(u) at all the edges ei of K (with the unit tangential vector τi):
Me(u) =
{∫
ei
u · τiqds, ∀q ∈ Pk−1(ei), i = 1, 2, 3
}
∪
{∫
ei
∇× uqds, ∀q ∈ Pk−3(ei), i = 1, 2, 3
}
.
• Interior DOFs MK(u):
MK(u) =
{∫
K
u · qdA, ∀q ∈ D
}
,
where D = Pk−5(K)⊕ P˜k−5x⊕ P˜k−4x⊕ P˜k−3x when k ≥ 5; D = Pk−3x when k = 3, 4;
D = ∅ when k = 2.
5.1.2. Rectangular elements. Similarly, we can extend the rectangular elements to the case of
k = 2. The DOFs for u ∈ V k−1,kh (K) = ∇Qk(K)⊕ pW k−1h (K) are given by the following.
• Vertex DOFs Mv(u) at all the vertices vi of K:
Mv(u) = {(∇× u)(vi), i = 1, 2, · · · , 4} .
• Edge DOFs Me(u) at all the edges ei of K, each with the unit tangential vector τi:
Me(u) =
{∫
ei
u · τiqds, ∀q ∈ Pk−1(ei), i = 1, 2, · · · , 4
}
∪
{∫
ei
∇× uqds, ∀q ∈ Pk−3(ei), i = 1, 2, · · · , 4
}
.
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Figure 5.1. The lowest-order (k = 2) finite element complex (5.1) in 2D.
• Interior DOFs MK(u):
MK(u) =
{∫
K
u · qdA, ∀q ∈ S1 ⊕ S2
}
,
where S1 =
{
q | q = ψx, ∀ψ ∈ Qk−2(K)
}
and S2 =
{
q | q =∇×ϕ, ∀ϕ ∈ Qk−3(K)/R
}
when k ≥ 3; S1 = {x} and S2 = ∅ when k = 2.
Theorem 5.1. If u ∈Hs(Ω) and ∇× u ∈ Hs(Ω), 1 + δ ≤ s ≤ k with δ > 0, then we have the
following error estimates for the interpolation Πh,
‖u−Πhu‖ ≤ Chs(‖u‖s + ‖∇ × u‖s), (5.2)
‖∇ × (u−Πhu)‖ ≤ Chs ‖∇ × u‖s , (5.3)∥∥(∇×)2(u−Πhu)∥∥ ≤ Chs−1 ‖∇ × u‖s . (5.4)
Proof. From Lemma 3.2, Pk−1(K) ⊆ V k−1,kh (K) and Pk−1(K) ⊆W k−1h (K).
5.2. A family of the curl-curl conforming elements with r = k + 1. We take r = k + 1
in (3.1) for k ≥ 2 to get the following complex:
0 - R
⊂- Σk+1h
∇ - V k,kh
∇×- W k−1h - 0. (5.5)
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Figure 5.2. The lowest-order (k = 2) finite element complex (5.5) in 2D.
We note that V k,kh (K) = Pk(K) when k ≥ 4 and K is a triangle, and thus V k,kh (K) on
triangles coincides with the finite elements constructed in [21] for k ≥ 4. The lower order
triangular elements and the entire family of rectangular elements fill the gap in [21].
The lowest order cases are shown in Fig. 5.2. The number of DOFs of the lowest-order
element is 13 for a triangle and 20 for a rectangle.
5.2.1. Triangular elements. The DOFs for u ∈ V k,kh (K) = ∇Pk+1(K)⊕ pW k−1h (K) are given as
follows.
• Vertex DOFs Mv(u) at all the vertices vi of K:
Mv(u) = {(∇× u)(vi), i = 1, 2, 3} .
• Edge DOFs Me(u) at all the edges ei of K, each with the unit tangential vector τi:
Me(u) =
{∫
ei
u · τiqds, ∀q ∈ Pk(ei), i = 1, 2, 3
}
∪
{∫
ei
∇× uqds, ∀q ∈ Pk−3(ei), i = 1, 2, 3
}
.
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• Interior DOFs MK(u):
MK(u) =
{∫
K
u · qdA, ∀q ∈ D
}
,
where D = Pk−5(K)⊕ P˜k−5x⊕ P˜k−4x⊕ P˜k−3x⊕ P˜k−2x when k ≥ 5; D = Pk−2x when
k = 2, 3, 4.
5.2.2. Rectangular elements. We extend the construction in [21] to the rectangular case. The
DOFs for u ∈ V k,kh (K) = ∇Qk+1(K)⊕ pW k−1h (K) are given by the following.
• Vertex DOFs Mv(u) at all the vertices vi of K:
Mv(u) = {(∇× u)(vi), i = 1, 2, · · · , 4} .
• Edge DOFs Me(u) at all the edges ei of K, each with the unit tangential vector τi:
Me(u) =
{∫
ei
u · τiqds, ∀q ∈ Pk(ei), i = 1, 2, · · · , 4
}
∪
{∫
ei
∇× uqds, ∀q ∈ Pk−3(ei), i = 1, 2, · · · , 4
}
.
• Interior DOFs MK(u):
MK(u) =
{∫
K
u · qdA, ∀q ∈ S1 ⊕ S2
}
,
where S1 =
{
q | q = ψx, ∀ψ ∈ Qk−1(K)
}
and S2 =
{
q | q =∇×ϕ, ∀ϕ ∈ Qk−3(K)/R
}
when k ≥ 3; S2 = ∅ when k = 2.
This family of elements lead to one-order higher accuracy in L2-norms.
Theorem 5.2. If u ∈ Hs+1(Ω), 1 + δ ≤ s ≤ k with δ > 0, then we have the following error
estimates for the interpolation Πh,
‖u−Πhu‖ ≤ Chs+1 ‖u‖s+1 , (5.6)
‖∇ × (u−Πhu)‖ ≤ Chs ‖u‖s+1 , (5.7)∥∥(∇×)2(u−Πhu)∥∥ ≤ Chs−1 ‖u‖s+1 . (5.8)
Proof. From Lemma 3.2, Pk(K) ⊆ V k,kh (K) and Pk−1(K) ⊆W k−1h (K).
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Remark 5.1. By the dualality argument, in the sense of the L2-norm, the numerical solution
uh converges to the exact solution u with an order min{s+ 1, 2(s− 1)}. Hence when s < 3 the
convergence order is 2(s− 1).
6. Numerical Experiments
In this section, we use the three families of the H(curl2)-conforming finite elements to solve
the quad-curl problem: for f ∈ H(div0; Ω), find u, such that
(∇×)4u+ u = f in Ω,
∇ · u = 0 in Ω,
u× n = 0 on ∂Ω,
∇× u = 0 on ∂Ω.
(6.1)
Here H(div0;D) is the space of L2(D) functions with vanishing divergence, i.e.,
H(div0;D) := {u ∈ L2(D) : ∇ · u = 0},
and n is the unit outward normal vector to ∂Ω. Taking divergence on both sides of the first
equation of (6.1), we see that the divergence-free condition ∇ · u = 0 holds automatically.
We define H0(curl
2;D) with vanishing boundary conditions:
H0(curl
2;D) := {u ∈ H(curl2;D) : n× u = 0 and ∇× u = 0 on ∂D}.
The variational formulation reads: find u ∈ H0(curl2; Ω), such that
a(u,v) = (f ,v) ∀v ∈ H0(curl2; Ω), (6.2)
with a(u,v) := (∇×∇× u,∇×∇× v) + (u,v).
We define the finite element space with vanishing boundary conditions
V 0h = {vh ∈ V rh , n× vh = 0 and ∇× vh = 0 on ∂Ω}.
The H(curl2)-conforming finite element method reads: seek uh ∈ V 0h , such that
a(uh,vh) = (f ,vh) ∀vh ∈ V 0h . (6.3)
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We now turn to a concrete example. We consider the problem (6.1) on a unit square Ω =
(0, 1)× (0, 1) with an exact solution
u =
(
3pi sin3(pix) sin2(piy) cos(piy)
−3pi sin3(piy) sin2(pix) cos(pix)
)
. (6.4)
Then the source term f can be obtained by a simple calculation. The finite element solution is
denoted as uh. To measure the error between the exact solution and the finite element solution,
we denote
eh = u− uh.
6.1. The new family of elements with r = k − 1. We first use the lowest-order element in
the new family with r = k−1 to solve the problem (6.1). In this test, we use uniform triangular
meshes and uniform rectangular meshes with the mesh size h varying from 1/20 to 1/320 with
the bisection strategy. For u = (u1, u2)
T , we define two discrete norms:
|||u|||2V =
∑
K∈Th
2hKx
∫ xKc +hKx
xKc −hKx
u21(x
K
c , y)dy +
∑
K∈Th
2hKy
∫ yKc +hKy
yKc −hKy
u22(x, y
K
c )dx, (6.5)
|||u|||2W =
∑
K∈Th
4hKx h
K
y
[
u21(x
K
c , y
K
c ) + u
2
2(x
K
c , y
K
c )
]
(6.6)
where K = (xKc − hKx , xKc + hKx )× (yKc − hKy , yKc + hKy ) and xKc , yKc , hKx , hKy are defined in Fig.
6.1
Figure 6.1. A rectangular element
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Table 6.1 illustrates various errors and convergence rates for triangular elements. Table 6.2
shows errors measured in various norms for rectangular elements. We also depict error curves
for rectangular elements with a log-log scale in Fig. 6.2. We observe that the numerical solution
converges to the exact solution with a convergence order 1 in the L2-norm, 2 in the H(curl)-norm,
and 1 in the H(curl2)-norm, respectively. From Fig. 6.2, we also observe some superconvergence
phenomena of eh and (∇×)2eh measured in the sense of (6.5) and (6.6), respectively. Using these
superconvergent results, together with some recovery techniques, we can construct a solution
with higher accuracy if needed.
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Figure 6.2. Error curves in different norms
6.2. The family of elements with r = k. We then use the lowest-order element V k−1,kh in
the family with r = k.
Again, we use the uniform mesh. Table 6.3 and Table 6.4 demonstrate the numerical results
with h varying from 1/10 to 1/160. We observe a second order convergence in the L2-norm,
second order in the H(curl)-norm, and first order in the H(curl2)-norm respectively.
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Table 6.1. Numerical results by the lowest-order (k = 2) triangular element in
the new family (r = k − 1) of H(curl2)-conforming elements
h ‖eh‖ rates ‖∇ × eh‖ rates
∥∥(∇×)2eh∥∥ rates
1/20 2.0993673726e-01 7.5983899295e-01 2.5104874626e+01
1/40 9.7360384609e-02 1.1085 1.9608684185e-01 1.9542 1.2588225735e+01 0.9959
1/80 4.7593813590e-02 1.0326 4.9417569900e-02 1.9884 6.2979085415e+00 0.9991
1/160 2.3656260145e-02 1.0086 1.2379341740e-02 1.9971 3.1494062841e+00 0.9998
1/320 1.1838722855e-02 0.9987 3.0965306022e-03 1.9992 1.5747589432e+00 0.9999
Table 6.2. Numerical results by the lowest-order (k = 2) rectangular element
in the new family (r = k − 1) of H(curl2)-conforming elements
h ‖eh‖ ‖eh‖V ‖∇ × eh‖
∥∥(∇×)2eh∥∥ ∥∥(∇×)2eh∥∥W
1/20 1.569533e-01 3.836506e-02 2.630653e-01 1.484308e+01 3.233318e+00
1/40 5.767988e-02 9.629132e-03 6.588465e-02 7.411773e+00 8.087790e-01
1/80 2.841556e-02 2.409625e-03 1.647883e-02 3.704842e+00 2.022239e-01
1/160 1.417562e-02 6.026113e-04 4.120188e-03 1.852296e+00 5.055782e-02
1/320 7.085066e-03 2.087836e-04 1.030090e-03 9.261324e-01 1.263971e-02
Table 6.3. Numerical results by the lowest-order (k = 2) triangular element in
the family of H(curl2)-conforming elements with r = k
h ‖eh‖ rates ‖∇ × eh‖ rates
∥∥(∇×)2eh∥∥ rates
1/10 1.9240008243e-01 1.8367480009e+00 4.8220431951e+01
1/20 5.0377609092e-02 1.9333 4.9247009630e-01 1.8990 2.4914116835e+01 0.9527
1/40 1.2750885542e-02 1.9822 1.2537561647e-01 1.9738 1.2562579616e+01 0.9878
1/80 3.1977487715e-03 1.9955 3.1488015795e-02 1.9934 6.2946438036e+00 0.9969
1/160 8.0169537073e-04 1.9959 7.8810588738e-03 1.9983 3.1489963271e+00 0.9992
6.3. The family of elements with r = k + 1. We now test elements in the family with
r = k + 1. We apply the same mesh as before. Table 6.5, Table 6.6, and Table 6.7 show
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Table 6.4. Numerical results by the lowest-order (k = 2) rectangular element
in the family of H(curl2)-conforming elements with r = k
h ‖eh‖ rates ‖∇ × eh‖ rates
∥∥(∇×)2eh∥∥ rates
1/10 8.5451929281e-02 7.7422997132e-01 3.1165128865e+01
1/20 2.1175471745e-02 2.0127 1.9245034017e-01 2.0083 1.5568441694e+01 1.0013
1/40 5.2832495527e-03 2.0029 4.8047264551e-02 2.0020 7.7828759533e+00 1.0002
1/80 1.3201647809e-03 2.0007 1.2007795245e-02 2.0005 3.8912825860e+00 1.0001
1/160 3.3018178425e-04 1.9994 3.0016984719e-03 2.0001 1.94562226310e+00 1.0000
the numerical results for various mesh sizes and elements. We observe the same convergence
behavior as in Theorem 5.2.
Table 6.5. Numerical results by the lowest-order (k = 2) triangular element in
the family of H(curl2)-conforming elements with r = k + 1
h ‖eh‖ rates ‖∇ × eh‖ rates
∥∥(∇×)2eh∥∥ rates
1/10 1.9162039079e-01 1.8313769687e+00 4.8217734800e+01
1/20 4.9535363173e-02 1.9517 4.9211205978e-01 1.8959 2.4914028390e+01 0.9526
1/40 1.2542331571e-02 1.9817 1.2535288020e-01 1.9730 1.2562576819e+01 0.9878
1/80 3.1457630521e-03 1.9953 3.1486589833e-02 1.9932 6.2946437160e+00 0.9969
1/160 7.8970028290e-04 1.9940 7.8809577490e-03 1.9983 3.1489963244e+00 0.9992
We conclude this section by pointing out that the three families of elements bear their own
advantages. The new family (r = k−1) can be the best choice if we pursue a low computational
cost, while the family with r = k + 1 stands out for its higher accuracy in the L2-norm.
7. Conclusion
In this paper, we constructed finite element de Rham complexes with enhanced smoothness in
2D. The new construction yields several curl-curl conforming elements. The two existing families
of elements fit into our complexes and with the idea in this paper, we extend these elements to
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Table 6.6. Numerical results by the lowest-order (k = 2) rectangular element
in the family of H(curl2)-conforming elements with r = k + 1
h ‖eh‖ rates ‖∇ × eh‖ rates
∥∥(∇×)2eh∥∥ rates
1/10 8.3992408207e-02 7.7364067749e-01 3.1176022684e+01
1/20 2.0556712167e-02 2.0306 1.9241217769e-01 2.0075 1.5569873825e+01 1.0017
1/40 5.1255229677e-03 2.0038 4.8044859565e-02 2.0017 7.7830572413e+00 1.0003
1/80 1.2805559780e-03 2.0009 1.20076446880e-02 2.0004 3.8913053186e+00 1.0001
1/160 3.2031720408e-04 1.9992 3.0016889644e-03 2.0001 1.9456251069e+00 1.0000
Table 6.7. Numerical results by the third-order (k = 3) rectangular element in
the family of H(curl2)-conforming elements with r = k + 1
h ‖eh‖ rates ‖∇ × eh‖ rates
∥∥(∇×)2eh∥∥ rates
1/4 6.4824700078e-02 9.9555045503e-01 2.7962159296e+01
1/8 4.5803979724e-03 3.8230 1.3888086952e-01 2.8416 7.3371187528e+00 1.9302
1/16 2.9272256581e-04 3.9679 1.7804274852e-02 2.9636 1.8544759176e+00 1.9842
1/32 1.8384636804e-05 3.9930 2.2390375000e-03 2.9913 4.6485519640e-01 1.9962
1/64 1.1662844410e-06 3.9785 2.8029810923e-04 2.9978 1.1629065139e-01 1.9990
lower order cases. The low order elements (e.g., with 6 DOFs and 8 DOFs for the lowest-order
cases on triangles and rectangles, respectively) are thus easy to implement.
In the future, we will construct discrete Stokes type complexes and curl-curl conforming
elements in 3D and further investigate the superconvergence phenomena.
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